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Background:Mathematics proficiency involves several content domains and processes at

different levels. This essentially means that mathematics proficiency is a complex latent

variable. In standardized testing, both content domains and processes are traditionally

appraised by expert panels during the test validation phase. In the present research, we

deal with the issue of dimensionality of the latent structure behind a test measuring the

mathematics ability of Italian lower secondary school students - as assessed by a national

standardized test developed and collected by the National Institute for the Evaluation of

the Education System (INVALSI) – from a statistical and objective point of view, within

an IRT framework. Together with the dimensionality of the questionnaire, we study the



discriminating power of the items composing each dimension of the same test in order to

retain the best and most informative subset of items for school restitution.

Objectives: The aim of this work is to retain the best subset of items of the INVALSI

standardised test at issue - in place of the initial full set - to summarise students

mathematics performances, by relying on their estimated discrimination parameters. This

objective is essentially obtained by i. reducing the complexity of a the latent variable at

issue (i.e., the mathematics proficiency as assessed by the test items) into a reduced

number of dimensions and by ii. selecting, within each dimension, the most informative

items.

Methods: The statistical approach we use relies on a latent class (LC) multidimensional

Item Response Theory (IRT) model, based on a two-parameter logistic (2PL)

parameterization. This model represents the mathematics competence of a student by

latent variables having a discrete distribution (see for example Lazarsfeld and Henry,

1968) and, therefore, may be seen as a constrained version of the latent class model.

Using discrete latent variables is motivated by the aim of having a flexible latent

structure. In fact, IRT models based on discrete latent variables are more flexible than

models of the same complexity based on continuous latent variables.

In connection with the Rasch model, the hypothesis of unidimensionality has been

extensively tested in the literature on the subject. One of the main contributions has been

developed by Martin-L ̈of (1973), who proposed to test the hypothesis that the Rasch

model holds for the whole set of items against the hypothesis that this model holds for

two disjoint subsets of items defined in advance. This test has, however, the evident

disadvantage of assuming constant item discrimination, which is not reasonable for the

INVALSI data (Gnaldi et al. 2015). Together with methods implemented within the

Rasch framework, the literature has proposed various nonparametric approaches to

evaluate the dimensionality of a set of items, such as the Mokken Scale analysis (see for

instance Mokken, 1971). The method used in this study is a semi-parametric approach

proposed by Bartolucci (2007). It is based on a class of multidimensional latent class IRT

models and generates a sequence of nested clusters of items, where each cluster

represents a unidimensional set of items.

Results: The data refer to a national standardized questionnaire developed and collected

by the National Institute for the Evaluation of the Education System (INVALSI). The

INVALSI mathematics questionnaire, which has been administered in June 2014 to a

sample of 25348 lower secondary school Italian students, comprises 30 multiple choice

questions covering a number of content domains, such as Numbers, Shapes and Figures,

Algebra, and Data and Previsions (INVALSI, 2014).

The work is carried out through two-steps. First, we apply a hierarchical clustering



algorithm for the items, to ascertain the actual number of dimensions measured by the

questionnaire. Based on this algorithm, we find evidence of s = 2 dimensions for the

INVALSI mathematics questionnaire, which are obtained by collapsing the initial 30

questions. Afterwards, we perform an item selection procedure, based on the estimated

discriminating parameters under the multidimensional 2PL model, aimed at choosing

only the most representative items within each dimension. The item selection procedure is

based on removing the items with an estimated discrimination index below a certain

threshold between 0 and 1. Discrimination parameters vary between 0 and 1 as the

distribution of the latent traits is standardized for each dimension, making them directly

comparable across dimensions.

Regarding the choice of the threshold, this is made so as to preserve an amount of

information close to that of the full set of items (Bartolucci et al., 2012). For this aim, we

rely on the classification of the subjects based on the posterior probabilities of belonging

to each latent class. In particular, the subset of items that does not significantly change the

classification with respect to the full set is selected.

Conclusions: The present work allowed us to retain the most informative items within

each dimension of the INVALSI mathematics questionnaire administered in 2014, by

relying on item estimated discrimination parameters. Retaining a subset of items in place

of the initial full set can have clear advantages, especially in terms of decreasing costs for

questionnaire administration and social benefit for the schools. In fact, by returning

school results only to the subset of items selected through the described procedure, we

help to direct school efforts to the most informative items by, at the same time, paying

less attention to the items which less contribute to characterise each content domain (i.e.,

a mathematics dimension) of a questionnaire. In this way, we support the schools to best

pinpoint their sources of weakness and strength.
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